Recently developed infinite dimensional linear programming techniques are used for the design of recursive filters with complex Chebyshev error criteria and time-domain constraints. The approach is applied to a numerical example which deals with the design of a Laguerre network as an equalization filter for a digital transmission channel.
INTRODUCTION
In this contribution, we are concerned with the envelope constrained (EC) filtering problem. Our objective is to design a digital filter to process a given input signal s ( k ) which is corrupted by additive random noise n ( k ) , see Fig. l(a) . The noiseless output $( k ) is required to fit into a prescribed pulse shape envelope defined by the lower and upper boundaries
~-( k )
and &+{IC), see Fig. I(b) . Previously [I] , the La optimal envelope-coristrained$lter was defined as the filter which minimizes the output noise power while satisfying the pulse shape constraints. Assuming that the random noise is white with constant power spectrum density, it can be verified that the output noise power is proportional to the squared L2 norm of the filter to be designed. Hence the L2 optimal EC filtering problem can be posed as niiii llH1I2 subject to ~-( k )
$ ( k ) &+(IC)
( 1) where k = 0 , 1 , . . . , K -1.
In standards, the performance of a digital link is often specified in terms of a mask applied to the received signal, [2], [3], [4] . The envelope-constrained filter design problem is directly applicable and the input signal s ( k ) would correspond to the test signal specified in the standard.
In this contribution, using the recently developed infinite dimensional linear programming techniques [5], [ 
FILTER DESIGN FORMULATION
The frequency response of an Nth order Laguerre filter is given by
where € , is a real N x 1 vector containing the Laguerre coefficients en, and $ ( U ) a complex vector of basis functions
where a is an unknown pole parameter, -1 < a < 1. The corresponding Laguerre filter network is depicted in Fig. 2. 0-7803-4325-5/98/$10.00 The discrete-time L , optimal EC filter design problem can be formulated as follows:
Giveri ari iriput sigtial s ( k ) , j i r z d a Laguerrejlter H ( w ) which solves the follou9itig cotzstmitied optiniizatiorz problem
where In order to obtain a nontrivial solution (i.e. H ( w ) # 0), we assume that there exists at least one
we assume that
We wish to put the L , optimal EC filter design problem (4) in a more general setting which may also include a desired frequency response of the digital filter designed. For this purpose we pose the following design criterion where z is a complex number, 6 is a real and positive number, and 8 { -} denotes the real part.
By making use of (7), the nonlinear approximation problem (5)-(6) can be reformulated as the following continuous semi-infinite linear program
. e j e } I 6 
since the constraint set is infinite (uncountable) and the number of variables is finite. 
SEMI-INFINITE LINEAR PROGRAMMING
The primal linear programming formulation corresponding to (1 3) is given by max J c,dx,
where the maximization is with respect to the space of regular Bore1 measures x, on A (dual of the space C of continuous functions c, on A), cf. [5] . The formulation (14) is said to be in standard form.
By introducing the semi-infinite matrix and vector notations A = (A,), c = (c,), and x = (x,), and with the interpretation of linear functionals on C as in (14), the primal and dual problem ( 14) and (1 3) can be formulated as
The notation for the dual pair in (15) The success of the semi-infinite linear programming approach relies on the property of strong duality, but also on the equally important Dimensionality Theorem (Theorem 4.8 in [ 5 ] ) . This dimensionality theorem states that if there is a feasible solution to (P) in (14) with value ZO, then there is also a feasible solution of finite support (atomic measure) consisting of at most N + 1 points which achieves the same value. The implication of this theorem is extremely useful since it allows the simplex algorithm to work with finite basic feasible solutions in very much the same way as in the case of finite-dimensional linear programming.
The duality theorem enables us to solve the primal (P) rather than the dual (D) in (15). When the optimum solution to (P) is obtained we will also be in possession of the optimum solution to (D). The advantage of this procedure is that the primal (P) is in standard form for solution by the simplex algorithm employing a finite basis. The problem (P) is thus much easier to solve than (D).
The revised simplex algorithm works with four basic steps as described below. [IO].
1.

2.
3.
4.
Calculate the dual variables by solving BTy = CB, that is yT = c5B-l. Update the basis matrix B by replacing the column A,, for A,<.
A DESIGN EXAMPLE
As a numerical example for the proposed L, EC Laguerre filter design procedure we consider the design of an equalization filter for a digital transmission channel consisting of a coaxial cable on which data is transmitted according to the DSX-3 standard [2, 31. The design objective is to find an equalizing filter which takes a sampled impulse response of a coaxial cable with a loss of 30 dB at a normalized frequency of 1/T as input and produces an output which lies within the envelope given by the DSX-3 pulse template [2, 31. Fig. 3 shows the coaxial cable impulse response s, the output envelope E and the resulting noiseless output signal +. The solution corresponds to an L,-design with N = 8 coelficients obtained with the semi-infinite simplex procedux. Fig. 4 shows the resulting frequency response of the equalizer designed. The frequency response of the comesponding &-design is also included for comparison.
An orthonormal Laguerre network is used as an example of a recursive filter offering a low order alternative to the conventional FIR filter. A numerical example concerning the equalization of a digital transmission channel is included to demonstrate the efficiency of the design method. 
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CONCLUSIONS
The envelope-constrained (EC) IIR filter design problem has been formulated as a special case of a general frequency domain L, optimization problem. The optimization problem is cast as a semi-infinite linear program which can be solved by using numerically efficient simplex extension algorithms.
